The effect of geometrical irregularities in the work function and emitting properties of metallic surfaces at low potentials is studied. For this purpose, we propose a simplified model consisting of rectangular fractures and a classical formalism for the work function determination. The dependence of the work function with the fractures size is determined by using the electrostatic image potential method. The emission current density properties when an external electric field is applied are also analyzed.
I. INTRODUCTION
Until recently, the development of cold electron field emitters had not attracted much technological interest. This was mainly due to the fact that the existing devices, such as field ion or field emission microscopes, required a high operational voltage. The development of modern vacuum microelectronics changed the situation, since it made possible the construction of emitters able to operate at low voltages. 1, 2 An important property that significantly affects the emitting performance of a thin metal film is the work function ͑WF͒. This concept is related to the variation in the total energy of the metal sample when an electron in the Fermi level is removed. The WF is strongly affected by the conditions of the metal surface, 3 including, among other factors, the presence of contaminants ͑in quantities lower than one monolayer͒, the occurrence of oxidation and other chemical reactions, uneven distribution of adsorbates, or the crystallographic orientation.
In an early work on the thermoionic electron emission of metals, Smoluchowski 4 evaluated the WF differences associated with different crystallographic faces in tungsten, thus obtaining a satisfactory agreement with the scarce experimental data existing at that time. This author identified two major contributions of a given face to the WF; the first one being associated to the electronic atomic density in the bulk, while the second resulted from the last double layer on the metal surface. In this way, some general formulae for the double layers were derived for the simple cubic and bodycentered cubic lattice, which allowed to characterize the stability of the surface configuration. Together with the formation of a dipole layer due to charge separation, these ideas were also used in other early works 5 to evaluate the potential drop and also to relate the combined effect of dipole interactions, surface structure, and adsorbate atoms in the value of the WF. 6 In addition, it is well known that the microgeometry of the surfaces in actual electron emitters is far from being smooth. Even in the best cases, when the use of crystalline materials produces a smoother surface, it is important to take in consideration that the surface consists of the combination of several facets, that lead to an irregular surface at micrometric scale. Such irregularities, when occurring in metal structures subject to an external electric field, lead to an enhancement of the field in the neighborhood of sharp corners, edges, and tips. 7 For example, at the upper corner of a step due to a sharp edge there is a noticeable increase of the tunnelling rate, in such a way that this region is experimentally identified as a nucleation center. With the aim of computationally simulate the geometrical defects associated to real metallic surfaces we studied, in a previous paper, 8 how the roughness and fractal dimension of a surface affect its electron emitting properties. We conclude that, the roughness has a significant influence in the electronic current density, while the fractal dimension is re- The aim of the present work is to analyze how the irregular geometry of a metallic surface affects the corresponding WF and determines its emitting properties. For this purpose, a simplified model formed by rectangular fractures together with a classical formalism for the determination of the WF is proposed.
As will be discussed in the next section, the classical method of image potential is particularly useful to determine how the WF at zero external electric field depends on the fracture size. For the evaluation of this magnitude, we consider the effect of the applied external electric field by solving Laplace's equation in the region limited by a cathode with irregular geometry and a distant planar anode. Once this solution is known the interaction energy between the electron and the surface at a distance z 0 from it can be easily computed. In addition, this method also permit the evaluation of the enhancement/reduction factors of the field due to the right angle corners at that upper and lower limits of the fracture. All these specific features are quite important for the evaluation of the electronic current density of a material with irregular geometry. The properties of the emission current density ͑ECD͒ when the metal is under the influence of an applied external electric field is subsequently computed with the help of an adapted formalism of field emission models, based on the methods proposed by Fowler-Nordheim, 9 Good-Muller, 10 and Forbes. 11, 12 This model provides the framework to obtain a reasonable approximation for the elliptical functions, which are key elements of the FowlerNordheim theory.
The paper is organized as follows. In Sec. II the fracture model and the classical formalism for the WF determination are presented. Sec. III is devoted to the description and discussion of the obtained results, emphasizing the term associated to the fracture formation probability and its effect on the ECD. This permits to establish a relationship between the fracture distribution and the ECD evaluated along the profile. Finally, Sec. IV contains a summary of the most important results together with our concluding remarks.
II. THEORY AND METHODS

A. The fracture model and work function calculations
We consider that natural irregularities on crystalline faces, arise as a result of stable configurations of a fractured surface at room temperature ͑300 K͒, see Fig. 1 . 13 We will further assume that the lateral profile of the surface of an emitter presents a set of rectangular fractures, representing the fluctuations in the height of the profile. The isolated single straight steps on a cubic lattice are taken to be proportional to the value of the lattice parameter, A L . In Fig.  1 we represent a profile of one such fracture corresponding to a "missing" profile portion of width n y A L and depth n z A L , measured respectively along the horizontal and vertical directions, and being n y and n z integer numbers. We also consider the existence of an equipotential surface along the fracture border, something that can be justified by considering that the Debye radius for an electronic gas in metals is, in general, smaller than the metal lattice parameter.
We consider here a classical-Brodie-definition for the WF, 14 as the work necessary to move an electron against the forces of an image charge image . This definition leads to an expression for the WF that depends on the atomic radius, Fermi energy, and the effective electron mass. Halas et al., 15 used this classic approach to compute metal surface WFs that were in excellent agreement with the experimental results, this corroborating that the above mentioned interpretation of the WF.
For the particular case of a flat surface held at a constant potential, the work required to move an electron from a point at a distance z from the surface to infinity is given by
where e is the elementary charge and ⑀ 0 is the vacuum permissivity in SI units. Equation ͑1͒ can be used to evaluate the reduced WF magnitude in a similar situation, where an uniform external electric field is applied between a flat metal surface and an anode placed very far from it. Indeed, the important issue in this case is the evaluation of the lower integration limit, z, as will be discussed later in this section. It is possible to advance that, for distances from the surface larger than a certain value z = z 0 , classical mechanics could be used to determine to a very good approximation the value of the WF. 15 Moreover, the distance z = z 0 can be identified as the Heisenberg uncertainty distance that is required to pass by continuous decoherence from quantum to classical states.
From the exact results valid for some highly symmetric geometries, the method of image potential can be used to determine the zero field WF, n y ,n z ZF . For geometries of lower symmetry, as the one considered here with the presence of fractures, it is usually not possible to derive an exact solution for the potential outside the boundaries in terms of a finite number of image charges. However, it is possible to obtain approximate solutions if we evaluate how the deformations of the plane surface of a conductor modify the image potential. Let us first consider the simpler situation where no external electric field is applied. The method we developed for the determination of n y ,n z ZF is based on the assumption that this quantity corresponds to the work done against the retarding force of electron image charge acting on the electron along its way out of the surface. 14 If we consider a point charge, −q, placed at the point ͑x , y , z = z 0 ͒ above a conducting infinite plane z =0 ͑see Fig. 1͒ , the required work ␦ to move it by an infinitesimal height, ␦h͑x S , ỹ S ͒ in the direction perpendicular to plane, due to the charges in a surface element dS, defined by the coordinates ͑x S , ỹ S ͒, is given by the following:
where ͑x S , ỹ S ͒ and F q z ͑x S , ỹ S ͒ are the surface charge density and the electric field at ͑x S , ỹ S ͒, respectively.
By Integrating Eq. ͑2͒ over the whole surface, and taking into account that ͑x S , ỹ S ͒ = F charge z ͑x S , ỹ S ͒⑀ 0 , we obtain the following expression for the variation in the potential energy of the system:
͑3͒
From this equation and taking into account that F q z ͑x S , ỹ S ͒ = −ٌ z V, it is straightforward to obtain
where V accounts for the electric potential on the plane caused by the actual and image charges. In this way, we have the following expression for ␦U plane :
͑5͒
For an adequate discussion of the consequences of Eq. ͑5͒, it is useful to consider the exact result for the potential energy of the actual system ͑actual charge+ plane͒, when the plane, originally at z = 0, is displaced upwards by a small amount, ␦h Ͼ 0. According to Eq. ͑1͒, the exact potential energy U͑z͒ in this case is given by
As can be seen, the first order correction, after the dominant contribution given by Eq. ͑1͒, to the potential energy of Eq. ͑6͒ coincides with the Eq. ͑5͒. This actually explains the contribution ␦U plane .
In what follows, we will restrict our work to this first approximation when evaluating, due to the impossibility of finding exact image charge solution, n y ,n z ZF , to our problem.
As one can easily see from the expansion of Eq. ͑6͒, the next contribution to the higher order terms is proportional to ͑␦h / z͒ our results ͑see next section͒ show that the previous first order approximation gives results in rather consistent agreement with experimental values. If we represent surface fractures by the profile sketched in Fig. 1 , the first order approximation of the potential energy of the new system ␦U frac can be written as
where the actual charge −q, placed at the point ͑x , y , z = z 0 ͒ with respect to the bottom of the fracture ͑z =0͒, does not contribute to the variation in the potential energy. According to Brodie's proposal ͓see Eq. ͑1͔͒, the zero field WF of a rectangular fracture n y ,n z ZF , can be expressed, in an approximate way, by the expression
where ͉q͉ = e. To go beyond this zero-field value, it is important to estimate the potential energy of an electron at a distance z = z 0 from the conducting surface in the presence of external electric field. To this end, we have numerically solved Laplace's equation with the iterative procedure developed in Ref. 16 using Dirichlet boundary conditions for an irregular cathode irregular with the profile shown in Fig. 1 , and a plane anode far away from the cathode. In our case, the Dirichlet conditions are given by V cat = 0 and V an = 100 V. At both sides of the integration domain periodic lateral conditions are imposed so that for a domain formed by
Once the convergence of V i,j,k within the iterative procedure is achieved, it is possible to interpolate the solution to obtain the potential value at any off-grid point or, reversely, to obtain approximate values for the coordinates associated to a given value of the potential. The quality of these interpolations depends, of course, of the number of points that are used to construct the grid. Thus, it is possible to evaluate a set of equipotential surfaces for any chosen value of V. Let us consider the simple situation, where the potential variation rate between two successive grid points along the k direction is
The potential at an off-grid point ͑i , j , k + dz͒ is given by
This method turns it possible to evaluate the electric potential at the point P where the electric charge −q is located ͑see Fig. 1͒ . Therefore, the presence of the external field reduces the WF of the material by an amount ⌬ given by:
where V P corresponds to the electric potential at P.
114512-
3 de Assis et al. J. Appl. Phys. 108, 114512 ͑2010͒ Finally, we can estimate the WF of the material, n y ,n z mat , including the image potential effect of its irregular geometry and the external electric field.
B. Work function, field enhancement factor, and ECD
To compute the WF, n y ,n z mat , we start from the following expression:
where n y ,n z ZF is determined from Eq. ͑8͒ and ⌬ is determined by the Eq. ͑12͒.
Let us now evaluate the value of z 0 , which was first introduced as the lower integration limit in Eq. ͑8͒, representing the smallest distance from the surface at where the electron can "feel" the influence of the image charges. According to Halas et al., 15 a good agreement between theoretical values, according Brodie's WF definition, and the corresponding experimental values for metals and semi-metals is achieved when z 0 is chosen as
.
͑14͒
In the above expression, a 0 and E F represent the Bohr radius and the Fermi energy, respectively, while r s is a density parameter related to the electron density, and 1 Ryd = 13.6058 eV. Therefore, the necessary energy for the removal of an electron from a position z 0 above the surface to a point well far away from it is given by Eq. ͑13͒. In what follows we will take n z = 1, so that, for the sake of simplicity, we will write from now on that n y ,n z ZF = n y ZF and n y ,n z mat = n y mat . Let us remark that the electronic current density depends exponentially from the local electric field F, which in turn is strongly dependent on the material's geometry. The local electric field intensity is frequently expressed as an enhancement factor, ␥, with respect to a constant reference field F 0 , through the expression
where F 0 represents a uniform electric field intensity determined from the potential, V an , of an equivalent anode assumed flat, and taking the electric potential value at the cathode equals to zero, V cat = 0. For the determination of the ECD, J, we consider the Murphy-Good equation, 11, 12, 17 given by
where F is the electric field, F n y mat = 4⑀ 0 e 3 ͑ n y mat ͒ 2 , ͓ ϵB͑ n y mat ͒ 3/2 / F n y mat͔ is a constant and A and B are universal constants given by A = e 3 / 8h and B = ͑8 / 3͒͑2m e ͒ 1/2 / eh, respectively. 18 Aiming at giving a more realistic simulation of the emitter boundary, we consider next a simple approximation for the ECD evaluation, which takes into account the formation of fractures, whose description was given in the previous section. For this purpose, a dynamical approach for the fracture formation is considered, which is based on a standard canonical distribution of fracture sizes. This approach, as described by Lapujoulade, 19 assumes a linear fracture density, , for a profile corresponding to the crystallographic face ͑100͒
where w corresponds to the kink formation energy, T is the absolute temperature, and k B is the Boltzmann constant. The factor 2 comes from the fact that the formation processes of either protrusions or depressions are equiprobable. Actually, the formation of a kink on the step of a surface is much less costly in energy than the creation of a defect on the corresponding terrace, i.e., an adatom or advacancy. Thus it is expected that, for a large temperature range, kinks on steps are the only defects being created. The occurrence probability of a fracture of width n y A L , P n y , will then be given by
where p 1 = p 3 = A L are the individual probabilities of the creation of a descending ͑ascending͒ kink. On the other hand, p 2 =1−2A L represents the probability that no kinks are formed, i.e., the atoms keep the vertical position expressed by n z = 1. Hence, from Eqs. ͑17͒ and ͑18͒ it is possible to write
͑19͒
Notice that in the present approach for the field induced electronic emission no temperature effects, other than those derived from the Boltzmann weights, are taken into account. In our calculation we take T = 300 K and w = 0.4 eV, values for which 4 exp͑−w / k B T͒Ϸ7.6· 10 −7 Ӷ 1, and then it is possible to approximate P n y as
ͪͬ. ͑20͒
We finally conclude the evaluation of the ECD within the models developed by Fowler-Nordheim and Murphy-Good. Accordingly, for a fracture n y A L wide, with ͑K −1͒A L ӷ n z A L , the previous considerations result in the following final expression for the local ECD, J͑n y ͒ i,j :
͑21͒
The total current, J͑n y ͒, of a surface with an n y fracture is
One last comment is in order here. It is clear that when many fractures are present, their mutual interaction must be taken into account. In the present work, however, we consider that the distances between them are large enough to justify ne-glecting the electrostatic interaction, coming from the interaction of electric dipoles. With this assumption, our methodology to calculate the WF is not compromised.
III. RESULTS AND DISCUSSION
Let us now analyze how the fracture width, n y , affects the value of the zero field WF, n y ZF . For this purpose, we initially compute smooth , corresponding to the case where no kink are present. We consider a silver ͑Ag͒ plane surface where the corresponding lattice parameter at low temperature is A L Ϸ 0.409 nm, 20 the Fermi energy E F Ϸ 7.48 eV, and the relation r s / a 0 Ϸ 2.39. 15 Using Eqs. ͑14͒ and ͑1͒ it is possible to determine that in our case smooth Ϸ 4.33 eV, a very reasonable value when compared to the experimental one. 21 Our results show that the computed value of n y ZF is almost insensitive to changes in the fracture size n y ͑relative change ϳ10 −4 when n y ͓5 − 100͔͒. For this calculation we have considered that the vertical displacement of the fractures is equal to the lattice parameter of the material. The value of n y ZF depends more significantly on n y in the a smaller interval, [5] [6] [7] [8] [9] [10] [11] [12] [13] after which it asymptotically stabilizes to the smooth value. We noticed that the range of variation is much smaller than expected from experimental considerations. Moreover, the high values of n y ZF found for low values of n y are explained in our model as the result of an increment in the distance between the lateral sides at the fractures and the real electron charge position defined along the symmetry axis of the fracture ͑0,͓L −1͔A L / 2,z 0 ͒. Another point worth commenting here is that, as can be seen, only values of n y Ն 5 have been considered here ͑and also throughout the paper͒. The reason is simple. For smaller values of n y it would be necessary to take into account the ͑low͒ probability of fracture formation arising from the effect of the electrostatic repulsions between close kinks, 16 something which is outside the scope of the present work.
To evaluate the effect of the external field F on the local WF for an electron located on the fracture symmetry axis, we first calculate the interaction energy between the electron at z = z 0 and the fracture' surface with the help of Eq. ͑12͒. In Fig. 2 , we show how ⌬ changes with respect to the fracture width, for which the values n y =5,19,21,23,25,255 were selected. In this calculation, we chose the value of the anode electric potential, V an , by imposing the condition that the homogeneous electric field at large distances from the surface be F 0 Ϸ 10 7 V / cm. As it is clearly illustrated by the results, the value ⌬ is minimal when the electron is placed on the fracture symmetry axis, since this implies a reduction on the value of the WF, n y mat . This result allows to identify a preferential emission site in the central region of the fracture. At the same time, the results also show that the emission capacity is enhanced for larger values of n y , until a limit value for ⌬ is reached. In the example that we have considered, this corresponds to ⌬ Ϸ −0.205 eV, taking place for the largest considered value of n y = 255.
Moreover, our results suggest that step formation in metal surfaces reduces the corresponding WF, n y mat , by some tenths of eV. In Fig. 3 we show how the ratio between n y mat , given by Eq. ͑13͒, and smooth changes with respect to the fracture size. For example, for n y = 255, which corresponds in Ag to a fracture n y A L = 104.3 nm wide, we obtain n y =255 mat Ϸ 4.126 eV. Our results of Fig. 3 also indicate that the presence of fractures with smaller/larger width values have a significant effect by making the material emissive efficiency lower/higher, respectively. Before estimating this effect, it is necessary to evaluate the field distribution along the fracture surface.
To avoid large numeric fluctuations and possible overflows in the field calculation, we introduced an approximation corresponding to the replacement of the actual surface model with sharp square corners by an evaluated differentiable equipotential V eq staying as close as possible to the position to the surface. This is illustrated in Fig. 4 , where the corresponding equipotential together with the sharp corner model for V eq = 0.001V Ϸ V cat is shown. Notice that both x and y change appreciably only on an extremely small length scale, so that for the evaluation of the field at the grid points, this equipotential represents an excellent approximation for the model surface. We consider next how the enhancement factor, ␥, defined in Eq. ͑15͒, changes in this particular region. The corresponding results are shown in Figs. 5͑a͒ and 5͑b͒, where the dependence for two values of the width, n y = 5 and 25, are plotted. As can be seen the smoothing approximation that has been introduced does not eliminate the large enhancement effect close to the corners, but conveniently avoid the expected logarithmic divergence of ␥ at the corner.
When interpreting these results, it should be noticed that increasing the value of n y corresponds to an increase on the value of the local electric field, F, in the upper and lower corners and in the symmetry axis of the fracture. This can be interpreted as a result of the significant variation in the charge density taking place at the most protruding regions of the fracture. When the number of kinks per unit area gets higher it is reasonable to expect a more intense repulsion among charges of the same sign distributed along these regions, this leading to a reduction in the induced charge. The local enhancement factor approach site dependent asymptotic values, in such a way that, at the upper and lower fracture corners, as well as in the symmetry axis, they reach the specific values of ␥ up Ϸ 1.338, ␥ low Ϸ 0.559, and ␥ sa Ϸ 0.987. As in the previous calculations, these values correspond to the largest fracture width n y = 255 considered in this work.
In Fig. 6 we present the corresponding values for the ECD, computed with the aid of Eqs. ͑21͒ and ͑22͒ as a function of the fractrure width, n y , for a value of the external electric field of F =10 7 V / cm. These results are very interesting since they reveal the sensibility of the ECD with respect to the small variations of the fracture width. Indeed, the results of Fig. 2 indicated that J͑n y =15͒ / J͑n y =5͒Ϸ55.8, a very significant deviation from corresponding value of a smooth surface, where J smooth Ͻ 10 −10 A / cm 2 . The results shown in Fig. 6 provide the geometric set up leading to an optimization of the emitting site. In the current study, we have obtained that the largest value J͑n y = 255͒ Ϸ 198.7 nA/ cm 2 . This result suggests that the presence of irregularities at nanometric scale constitutes an important characteristic of an emitting device, especially when it is designed with the purpose of obtaining a high value of the ECD from a material subjected to low external electric fields. Moreover, this conclusion is in good agreement with the experimental measurements carried out in surface of rough metallic materials. In these experiments, surfaces with a porous structure have been shown to be excellent candidates for low field emitters. For example, in the studies performed by Xiao-Nan et al., 22 these authors obtained interesting results when analyzing the experimental yield of an array of Si structures covered with gold nanoparticles. They found an emission electric field threshold of just a few volt per mi- 6 . Electronic current density as a function of the fracture width, n y , ͑in logarithm scale͒ for a value of the external electric field of F 0 Ϸ 10 7 V / cm. The arrow indicates the optimal fracture width, i.e., the value leading to the largest value of the the total electronic current density. crometer. This shows that, in addition to the parameters associated to the physical and chemical properties of the emitter, the morphology and structure of the surface can play a significant role on the emitting properties of the material, and then they should not be forgotten when designing the corresponding emitting devices.
To conclude this section, we have explored the conditions that determine the threshold value of the electric field for electronic emission, in the case of an emitter with a profile with fracture. Experimentally, a typical threshold value for the ECD current is accepted to be of the order of J l =10 −10 A / cm 2 ; see for example Ref. 23 . Figure 7 shows, the dependence of the turn on external electric field with the length of the fracture. The results have been computed using 10 6 Յ F 0 Յ 10 7 V / cm. Again the arrow indicate the value corresponding to the Ag fracture width. In it, the reduction of the external electric field intensity for which J = J l , especially in the case of an irregular profile formed by fractures, it is clearly appreciated; recall that we are using a logarithmic scale in the horizontal plot. If the values of this field are denoted as F l p and F l f for the cases of a plane and a surface with a fracture width of n y = 255, respectively, our results indicate that F l p / F l f Ϸ 1.16. This result reflects the importance of considering the roughness at small nanometric scales of metallic surfaces, due to its influence in the corresponding WF, in order to obtain efficient emitter devices arrays operating with high electric currents and low external electric fields.
IV. SUMMARY AND CONCLUSIONS
In this work we have studied how the geometry of an emitter profile, formed by a succession of rectangular fractures, affects the local values of the WF and the corresponding emitting electronic densities. The classical method of potential images was used for the evaluation of the WF. Our results show that the presence of fracture defects significantly contribute to the ECD calculated along the irregular profile when the electric field distribution at the corresponding surface and variations in the work function are taken into account. The ratio between the emitting threshold values of the external applied field for a plane and a fractured surface with higher horizontal dimensions is F l p / F l f Ϸ 1.16. The results of this work allow us to conclude that an increment in the local roughness can lead to a reduction in the value of the corresponding WF of a metal surface in the presence of an electric field. Such influence of the surface morphology seems to provide a satisfactory explanation for the known experimental observation, according to which there is an enhanced corrosion on metals associated with the the surface roughness. It is reasonable to associate this result to the fluctuations in the local WF, leading to the formation of microelectrodes that contribute to speed up the corrosion process.
Finally, we believe that this study also explains the experimental results of Mulyukov et al., 24 who found an increment in the WF of a tungsten emitter after annealing, with a consequent increase in the intensity of F l . 
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